o
w‘m

COLUMBIA UN IVERSITY
o T I

SYSTEMS RESEARCH GROUP

DEPARTMENT OF
ELECTRICAL ENGINEERING
SCHOOL OF ENGINEERING AND
APPLIED SCIENCE

NEW YORK, N.Y. 10027

(§ASB~CE-134579) ‘AW AWALYPIC AND - . r ‘avu-vuu83
CONPUTER 3TUDY OF THE JUMP PHENCHENOK. IN. c

THE FERRCRESORANT REGULATING CIRCUIT; -
(Columbla Univ. ) 32 p : D:nclas
. - 00,99 41228

REPRQDUCED BY l
NATIONAL TECHNICAL

} INFORMATION SERVICE

5. DEPARTMENT OF COMMERCE
s SPRINGFIELD, YA, 22161




R ek e MRE e e i e e B L L oy S b A e e 5

s lonassrg
ﬁ ; ﬂ ' /
i . t
fl : :Q' r
1?‘ ;’
|
e :

Technical Report No. 130

AN ANALYTIC AND COMPUTER STUDY OF THE JUMP
PHENCMENON IN THE FERRORESONANT REGULATING CIRCUIT*

. by _
Jacob Rootenberg * R

Ralph Walki 2

Robert J. Kaka1902

September lB?OJ
: Jq
A
H
(_ Vincent R. Lalli
Project Manager
Lewis Research Center -
Office of Reliability
& Quality Assurance .
21000 Brookpark Rd.
Cleveland, OH 44135

[ .

e

e
) r
I

ey

Submitted for possible publication in INTERMAG Conference,
Internaticnal Magnetic Conference, Denver, Colorado, to be
held April 13-16, 1971, , ()

-1 Systems Research Group, Departméﬁélof Electrical Engineering,
" Columbia University, New York, New York 10027.

. s )
2 Members of the Technical Staff, Bell Telephone Laboratories,
Whippany, New Jersey 07981. N

e m e

i e S ot s s g g A A L



ABSTRACT

o
The ferroresonant regulator may exhibit an unexpected

1
phenomenon in its response to amplltude changes in the input

voltage. At certain AC input levels, dlscontlnuous jumps appear

in the circuit's steady state output V5. 1nput characteristic.

This paper derives the conditions pnder which this action, known

as jump resonance, can occur, The’ferro is treated as a sinu-
soidally forced, nonlinear eontrol system with a 51ngle nomn-
linearity. The descrlblng functlon method of nonlinear system
analysis is used to derive the range of circuit parameters in
which the jump can édccur. It is fpund that the conditions for
the jump can be expressed in terméfef the values of the linear
energy storage elements and the character of the nonlinearity,
and that there exists & unit 01rcle in the Nyquist plane which
must be avoided to assure the nonoccurrence of the jump.

The theoretlcal analysms 1s supplemented with a com=-

puter study of the circuit using the GE Mark II "Analog Computer
Simulation® program. Computer calculatlons of the output voltage

at dnput voltages Jjust above and below the values at which the
jump occurs are presented. These\;ndlcate the accuracy of the
'theoretical'hodel.' T 'ﬂ | ‘
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I. Introduction

The jump phencmenon has been obgerved in nonlinear f
control systems for more than twenty year%.lr Several authors
have presented techniques for determlnlng condltlons under whlch o
"jumps™ can occur.Q’3 To most control system engineers, the if%
Jjump is an undesirable characterlstlc, and the literature deals
mostly with methods of avoiding thlS mode of operation. On the
vother hand most ferroresonant regu%apors inherently will jump
into the regulating range &s the 1ih§ voltage is increased, and
in fact this may be a desirable modé of opebation.

This paper applies technlques of nonlinear control
system theory to the ferroresonant- regulator and establishes
conditions under which the jump can'occur. Computer results

A

are also presented. %*

IXI. Review of Theory of Perroresonant Re@ulators ‘

The ferroresonant regulator is a nonlinear circull
used primarily for stabilizing the’ half cycllc average value

of alternating voltages. The de31gn procedure, assuming a
linearization of the nonlinear elemept and the theory of
operation of the ferro have been d;scussed in detail. i
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Superscripts designate referenceé ar the end of the text.
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changing characteristic of SR, the

ot a1 forms of the regulator exist,
most of them can be reduced to the:fgo-coil (Sieméns—Halské):
ferroresonant regulator, shown in Figure 1{a). L, C, and R ‘
are linear, and SR 1is nonlinear witﬁ’a flux-ampére-turn

i ® .
characteristic as shown in Pigure 1(b). Due to the gain
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¢ircuit exnibits twa - very

unigue properties: -regulation7andﬁtﬁé7ju@p_phenomenon.L\We

~will now consider the latter. S ; _ :
“III. The Control System Model of,the'Ferroresonant_ﬂegulaﬁor:-EA;'

Both the staﬁé:vafiaélégfé#dfbﬁéfatidnallmddéi'dfT;f;““
the ferro will be presented, since;?ﬁe stéte model is required

for tne computer simulatlon, whereas the operational form will

be used in the theoretlcal present&#ion}
_ |

o
‘

Magnetic hysteresls 1s neglected and an idealized core
cheracteristie is presented. Materials such as orilented

50%2 ni - 50% iron have this type characteristic. Other
materials like grain oriented silicon steel have some "“knee"

as shown in the dotted lines of F;gure 1{b). o DT
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Considering the state model a Judicious choice of
state variables 1s the inductor current iL’ the capacitor.
voltage, v, and the flux in SR, ¢i' Th@ state equations £or
the circuit of Figure 1(a) are: : -

e PR - SO i
dt L L ?.
dv i v ST
.___9- = ._L'.- - ___o_ — f(¢) i -
TE = - ® - Ne _Where f(¢) Nigg
: T
3
a¢ _ o, 1478 it .
a_t' = ‘N * 10 . ';:
In matrix form, i :

51 [o -r o olfnlifo ] [3
‘ ' B R ! s
{,O = %. -."I%E 0 v, 4+ = 'I\%E (o) + | 0 vy .
_ S I :
Li 4 Lo l%-s- o-L¢-ifiE:_I?L o J o Lol
e [ R
‘linear section, }i%ssential forcing
' nonlinearity : function

-

In the above equatlons iL, Vo ¢, f(¢) and . vy are functions
of time. Note that thils choice of state variables require the
inverse of the characteristic of Figure 1(b), i.e., iSR f(¢)

r'!"
[

¥
\.
it
ql Y e
, A
l-
|
lﬁ
‘|
\f._
REE—.

'
]

S ——

i e 2



The control system corresponding to this set of !
where N.L. represents the

state equations 1s glven in Figurej?

nonlinearity £{¢).

Vi (1) + %

I
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Figure 3.

A
.‘I )
N
o L F
RS

* L
L
o

Flgure 2‘3

1

= C W W S

Fae—

"

T

Lt

~In operational form the ccntrol system is that of

Pigure 3}
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In discussing the jump Rhenomenon use will be made

of the describing function.9
nique is a method of nonlinear system analysis wherein the:

The’ describing function teﬂh-

i

system is composed of an essential nonlinearlty in cascade’

with a linear plant displaying a low-pass filter characterm
~ Any harmonics of w generated by N.L.

tic, as in Figure 4.

+

Ve G )
S
!
o
v

G (jw)

- V()= MSIN {wi+8) N.L. 3
- »

E(t)=AsiNwt i
Figure'ﬁi

Q

will be filtered by G(jw), thus insuring, in effect, & sinéle
Ih essence the describlng

input fregquency to the nonlinearity.

function may be treated as a harmonically lihearized transfer
function. Accordingly the systemeof Figure 3 can be reduced
into the "canonical form" of Figure 4 by noting the signal at
nav and calculating the resulting:signal at "B“'

Figure 3 1s reduced

s

to Figure 5
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By this method
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V{t}= M SIN (wi+d)

£y

Figure 5‘ ;‘

As noted previously, N. L is now'of the form shcwn
in Figure 6{a). In what follows, hoyever, it will ve
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§(a) o 6(b)
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Figure 6 ! . . :
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expedient to express the characteristic as in Figure=6(b) 'jf

If we compare the equations for the'respective segments of
the figures,_it is seen that the final system in canonical
form is that of Figure 7. 1In Figure 7 vy (t) is a sinusoidal
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NC (S +'FT6+L—C-)
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s
l\.r,(i)lxma SN[wH(TAN" R(i= wELC) 'él
NLC qbsm- wt/_-w )+( ) '

MSIN{wt+g) =

';?,
Figure"i'(i

steady state signal, as 1s the input to the nonlinear ele-
ment (although of different amplitude and phase) - The non-
linear element is shown in normalized form and its describing
function ib defined as. '{ ‘ '

FET

. 2 II % o T

- N(A) = l——J f(A sin wt)sin wt dwt .
TR H .

. 0 AL ]

where f( ) is the functional form of N L. For the particular
nonlinearity of Figure 7, ' o

e
[

1, A<l P

o : K - (K-l)[sin (A) kj 1%}1 - (i)E] , A>1 ‘.
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IV. Jump Resonance | 5

The following discussionfOT the jump action refers

to 'the general system shown in plgure 8, ' where N.L. 1s a

'i
r
R

R _*._.ﬂl.__.m__ ——

i
¥
[ -

+
V{(2)= MSIN (wi+8) NL | 6w

E(t)=ASINw} i

single-valued odd operator of the %ipe in Figure 7 and G{jw)
is of a sufficiently low-pass nature to allow the use of the
describing function. At the jump }ésonaﬁce point, the steady
state characteristic of the error amplitude, A, versus the :
input amplitude, M, becomes dlscontlnuous, as, for example,‘
in Figure 9. ' '

A With the foregoing we w1ll now shew that there
exlsts a cilrcular region in-the ﬂyquist ‘plane such that 1if
the Nyaulst plot of the llnear plant 1ntersects this region,

"The method used here is found in ’ Hatanaﬂa, H.: The
Freguency Responses and Jump—Resomance Phenomena of

Nonlinear Feedback Control Systems, Trans. ASME J. Basic
Fng., Vol D-85 (June 1963) pp. 235-2“24
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then jump resonance can ocecur and the input voltage at which
it occurs can be determined. Ignpne considers the amplitude

M to be a function of A for a f;ied frequency, and 1if the o »
describing function of N.L. is differentiable'with respect to '
A, the system will display jump,resonance at the point Jl

where evidently the condition: j“k -
(%%) = 0 is satlsfied
LV m=C'-OI'15t. ’ r. I”
IR .
(gm) . <0 denoteSVthe region over which
3A/ _ ‘the Jump can oceur (from J1
w=const. | to J2)

i !
|

- From Figure 8§ 1t is Seén:that;___;
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V7~ 1+ NAG(Sw)
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and, therefore, ﬁﬁ
A
V] = |El x |1 + N(A)G(J@ﬁ|u, dr equivalently,
. - X
b

= A %/”- + N(A)Utm T (TS — R

where | ff*

G(Jw) = Ulw) #14V(w)

1

- Applying first the condition
that:

=

= diat the Jump point, we see

= £(U,V,A)

=

- [u(m + mlﬂ] [U(w) + N(M fAN (A)]+ v2(w) = 0

- o (1)

b : . _
The above equation (in- the U,V plaﬁé) wifh A as the parameter,
‘represents a family of circles with centers on the U-axis, -
Furthermore the inequality 3% < 0 rebresents the interior of
these circles.C , ‘ ¢“
The envelope of. this family of circles must satisfy

the relations.ll ' | ﬂ{-

f.(UfVJA‘) = 0 and . Ev ot O - ‘

Hatanaka shows the solution of these conditions to be:




TR
JE
u N'(A)IN(A)+AN! (A)] + N(A)LN(A)+AN (A1 f
N'(A) [N(A)+AN'(A) 1 *‘[N(A)-FAN (a)1'[N(a)1°
v A (A){N(AﬂAN*TA)J' [’N(A) (AN (A)+N(A))]

N'(A)INCAY+AN' (A) 1% €0NCAY+AN ' (A) JN(A)°

In hls referenced arti@ié; Hatanaka derives the
jump resonance envelopes that satisfy (2) for a gain changing
,nonlinearity, as shown in Figure 10.

of particular interest ﬁo this discussion are the
curves for values of K > 1, For,. ghe characteristic of
_Flgure 6(5) (Magnetic saturation) X is extremely large; there-
1 for, the contour for K -+ « may beataken as a limiting case.

B Ef #éJk‘m-
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This development leads tofthe following conclu51on.
if the polar plot of the linear segment of the system inter-
sects the Jump resonance envelope,‘then that region of 1nter—
section denotes the portion of thefpolar (Nyquist) rplane over
whieh jump resonance car occur. In any other region, where
the contour is not intersected, jump resonance cannot occur.
In Figure 11 the envelope of interest is repeated
along with the Nyquist plet of theslinear section of Figure
7. Note, the region in which one- finds jumps in the steady
state characteristic of |E| versus||R[ extends from point X
to the origin. ;j; -
“  Based on this limitinghcase of the jump resonance?

envelope and on the general expression for G(jw) one may
determing an algebraic eriterion for the occurrence or non-

occurrence of the Jump phenomenon 5 From Figure 11 we see
that 1if: ' ‘

L.y bed gmea

R "
- Jumps do not take place. Utilizing

K1x108' ah
G(jw) = —%E ( T

; LW

PUTpTeEpae: JREY (W —
£
P
|
e
[
=
OF
-

B

It 1s interesting to note the similarity between this in-
equality and one obtalned by considering Sandberg’s circle
eriterion, which is a sufficiency condition for the stabllity
of nonlinear systems., For exampie, the nonlinearity dis-

cussed above is in the class Alx\. Therefore the circle,
the exterior of which denotes a: stable region in the Nyquist
plane, 1ls centered at ( 5 s 0) with diameter 1. However

the circle criterion does not supply any conditions for Jump
resonance, specifically.
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one determines from equation (3) the relation which will {

always ensure the nonoccurrence oﬁ‘Jumeresonance; namely:
| R |
;h
. - K x10
2 1 1 i ' -
“Iofe T Twe 0 (3)
.:. 'l
Note that this expression indicates that the condition for
Jump resonance to occur is indepeddent of the load, R.
Substituting equatlion (E)ﬁinto equation (1), the
input voltage at which the Jump oceurs can be determined.
Here, in general, this voltage will depend on R.

V. Computer Simulation B _, ;

This part of the paper discusses the computer results_

of the analysis. The G. E. Mark II Timesharing program
"Analog Computer Simulation" was'qgéd for the computer study.
As its name impliies, the program digitally simulates the _
operation of an analog computer. lThis program interprets ;
nonprocedural input data for a 1inear or nonlinear system and
solves the resultant integro- differential equation in a state
vector formulation. It can be used 5. as in this .case, to analyze
a time invariant nonlinear controi‘system. The program will
print and/or plot the results. .Tneﬁobject of the computer
analysis 1s to show the jump and ﬁnat oécurs while the circult
is going through the jump. {f_ ! ' | -

Figure 12 shows a measured X vs. iSR characteristic:
for a 160 volt, 100 watt regulaton. To characterize SR for
the "ACS" program, SR is ideallzed and assumed to have the

TR

property - i
1gg = 0, ~68,000 < ¢ 5:68{000 ' i
f., = ké for ¢ > 68,000 .0or ¢ < -68,000

SR

A
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. ) . . I'; ) ‘ .
i - ‘
The block diagram used for the compuper prfgram:is-given in

b, -. . i

Figure 13. na‘ ;
From equation (5) the circuit cannct exhibit Jump
‘ 2 1 Kllo ‘ |
resonance when @w" -5 - —woo © 0.\;For tpe nonlinear char-
acteristic under investigation, NG = O,cherefore the b
PR - ]
Jump cannot oceur if wL < &% . N - ks

The program was run for peak input voltages of 149,

*
184, 240 and 280 (and wl < ﬁé). The first four computer plots

characterize the performance at the different input voltages.
" Note that at the higher lnputs, eVen harmonics being to appear.
Further note that even though Vi is changing substantially,

the half cyclic average value of V remains essentlally . constant

and no jump occurs. v
b
A

The computer plots are. attached aﬁﬁthe end of the memorandum.
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A g

. half c¢ycle average output voltage, the flux, and the phase of

- 18 - !

g S 4 L ‘ s
: LI : ks
The condition wl > E%" undér'which jump resonance
can occur, was then investigated. Computer plots are given
for input voltages {(peak) of 220, QLO 2&5, 250, 260, and 280,

Note that when Viy 1s increased from| 245 to 250 volts, the

E

i
I
i
i
f
!

the output with respect to the input'all exhibit the ump
phenomenon. It is interesting tc note that at the lower input

' studying this nonlinear circuit _<i§

voltages, before that which precipitates the Jump resonance,
the core of SH trahsiently saturatesdﬁut remains unsaturated
in the steady state. See Computer Plots 5, 6, and 7. Pigure
14 summarizes the data from the computer sinulation under Jump
conditions, i

-t r '
. Gt
IV. Coneclusion .

There are.four important redults from thils study.

First, the conditions under whiCh,juﬁp resonance can occur in .

the ferrorescnant regulating circuit‘ﬁéve been established on
an analytical basis. Second, several heretofore empirically
observed results, such as the relation between X, and X, and
the influence of the load have been verlfied analytically.
Third, the methods of nonlinear contrel theory have been

applied to nonlinear magnetics, and finally the Analog Computer

Simulation program has been used as a very powerful tool in
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